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ABSTRACT

When comparing the means from two populations, minimum
sample sizes to detect a given difference may be determined.
Presented are tables which may be used when unequal as well

as equal sample sizes are desired.
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INTRODUCTION

Frequently experimenters make comparisons of two population
means based on random samples drawn from each of the populations.
Too many times, a real and possibly important difference has
occurred but the experiment was not sufficiently sensitive
to detect the difference. To correct this problem, in the
design stage, not only o (the probability of asserting that
a difference exists, when actually there is no difference) but
also g8 (the probability of claiming no difference exists when
actually the means are different) for a given alternative hypothesis
can be determined. The chosen levels can be preserved by taking
adequate sample sizes.

An example of this type of problem is the following: IT1luminating
flares are being manufactured with a 1oad pressure of 10,000 pounds
per square inch (psi). It 1s hypothesized that a load pressure
of 20,000 psi will increase the efficiency of the flare. If the
efficiency of the flare using the new technique is 4,000
candlepower-seconds/gram greater than the efficiency using the
old technique, the experimenter would 1ike to have a high
degree of assurance that a significant result will be obtained

in the experiment. Due to the cost of the equipment required




RDTR No. 159

to make a change, o is important. g8 is also important because
an increased efficiency is desirable. A decision is made to
set « = .05 and 8 = .05. The question to be asked now 1is for ’
a = .05, what are the minimum sample sizes so that .05 is the
probability of accepting the hypothesis of no difference when
actually there is a difference of at least 4,000 psi.

Tables are published in several statistics books which
give the required sample sizes; however, these sets of tables
are only for equal sample sizes. The purpose of this article

is to present tables for unequal as well as equal sample sizes.
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MATHEMATICAL DISCUSSION

The problem of finding the minimum number of observations
needed is that of finding n; and n, so that the distribution
of X;-X, when uj-p, = 0 and u;-u, = §,will overlap a critical
value R by at most « and B respectively. If the two populations
are normal and have equal but unknown variances, then the

proper statistic to use is the 't' statistic.

(il'iz) = (ul'U2)

tv = sy V=01 +n, =2
sp\[]/n1 + 1/n, (1)
\ (nl']) Slz+ (nz']) 522
where Sp =\ ¥ n, -2

Consider the distribution of (x; - X;)

The curve on the left is under the null hypothesis u;~u; =

while the curve on the right is under the alternative hypothesis

up-up = 6.

0




Under the null hypothesis,

” R-0

t =
(1-0,v) sp.l]/nl + 1/n,

Solve for R in equation (2)

R = t(]-a’v) Sp-,l]/nl + ]/nz

Uider the alternative hypothesis

X _ R-6
(8,v) ~ "S;3T/n, + 1/n,

Solve for R - & in equation (4)

R-6= t(B,V) Sp\l ]/“1 + ]/n2

Subtract (5) from (3)

R = (R-8) = Sy {W/mi + T/ ()

" S, {1/ny + 1/n, t(s.v)
By simplification

= - \
s = (i) “tew)' Sp
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(3)

(4)

(5)

(6)

S {1/ny + 1/n, (7)

—

ik 2w
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Divide (7) by Sp and substitute

te,v) T Y-8,

%b = Caaw * ) (170, + 1m, (@)
Let D = /5
D= (tr1aw) * t(1oa,v) V1/m + 1/m, (9)

The computations of the above equation are not difficult;
however, it is time-consuming to find minimum values of
n; and n, without a table especially since a trial-and-
error procedure is involved. Suppose an experimenter has
estimated Sp and has sclected values ¢v 6, a, and 8. The
trial-and-error procedure is as follows:

(1) Select a good guess for n;, and n,.

(2) From a "t" - table find -a,v) and Y(1-8,v).

(3) Compute this D value (call it DMin)’

(4) Repeat steps 1, 2, 3 until the given D > DMin and
a decrease in n; or n, would result in D < DMin'

An example of this process follows for a one-tailed test:

Suppose § = 14.5, Sp = 10, « = .05, B = .05.
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Then D = 1.45
Guess: ny; = n, = 10

By substitution into (9)
(t(.95,18) * t(.95, 18)) 1710 + 1/10 = 1.55

This result implies that for equal sample sizes
n, = n, = 10, the difference it is important to detect
will be at least 15.5 for a = .05 and B = .05, To detect a
difference of 14.5 for the same « and g, larger sample sizes
are needed.

Guess: n; = n- =12

Calculating DMin’ the result is 1.40. Thus a difference
of at least 14.0 will be declared for o = .05 and 8 = .05. This
sample size is satisfactory but a check must be made to see
if & smaller sample size will do just as well.

Check: n, =n, = N

For this sample size, DMin = 1.47 which is too large. The
correct answer for equal sample sizes is 12.

Tables are much quicker to use than the above process.
The tables in the appendix present values of DMin for varying

combinations of o and s as well as n; and n,. Values up to
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80 are tabled for n; and n,. These values were calculated
from equation (9) by means of a computer. The resulting
values were then rounded off to the second decimal place.
With these tables, sample sizes can be determined with a min-

imum amount of computation and time spent.

PROCEDURE FOR YSING TABLES

(1) Estimate Sp, the standard deviation

(2) Specify s, the difference between means that
it is important to detect.

(3) Select o and 8.
(4) Compute D where D = 6/5p
(5) In the appropriate table, find n, and n, as follows:

a. forn =n,

Using the diagonal elements for DMin’ find the
minimum n, and n, such that the calculated D is greater than
or equal to the tabled value of DMin'

b. for n, fixed
If n, is fixed, find the minimum n, such
that the calculated D is greater than or equal to the tabled

value of DMin in the column headed by n;.
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c. . forn, #ny

Various combinations of n, and n, are presented.
It should be noted that the total of both samples (n, and n,)
for a given value of Dyin 18 minimized when n; =n, (due
to the discrete nature of ny, and n, , a few minor exceptions
exist). The criterion here is to choose the largest tabled value
of D which is less than the observed value of D. When costs per
unit of n; and n, are unequal, choose the combination of n, and n,

which satisfy the condition given above and which minimize the cost.

EXAMPLES

(1) (ny = n,), one-tailed test
Given: SP =10, 6§ =18, a = .025,8 = .01

Find: minimum n, and n, required to detect a
difference of 18

Compute: D = é/sp = 18/10 = 1.80

Consult table 11
n, = 12, Dyip = 1.87

for n,

for n; = n, = 13, DMin = 1.79

. the required sample sizes are n; = n, = 13
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(2) (n, fixed), one-tailed test
Given: Sp =10, 6§ = 18, a = ,025, 8 = .01, n, = 10
Find: minimum n, required to detect a difference of 18
Compute: D = 6/Sp =18/10 = 1.8
Consult table 11

for ny = 10 and n, = 17, DMin = 1.8]
for ny = 10 and np = 18, Dy, = 1.79
~ the required sample sizes are n; = 10 and n, = 18

(3) (n; # n,, neither fixed), one-tailed test

Given: The cost per unit of n; is 5 times the cost of n,

s, =10, 6 = 18, a = .025, g = .01

Find: n;, and n, such that the total cost (5n; + n,)
is minimized and a difference of 18 will be
detected

Compute: D = G/Sp = 18/10 = 1.8

Consult table 11 for various values of n;. List

the smallest value of n, which would detect the difference

of 18. The combinations and costs are as follows:
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Cost
e n2 Snyt ny
7 45 80
8 28 68
9 21 66
10 18 68
N 16 A
12 14 74
13 13 78
14 12 82

21

~ The minimum cost is achieved for n; = 9 and n,

OTHER APPLICATIONS

These tables may also be used to determine the minimum

accepted difference () for a given S _, n,, n,, aand 8.

p
(4) (n; # ny), one-tailed test

Given: n;= 45, n,= 22, Sp =10, o = .025, g = .01

Find: the smallest value of § for o« and g as above.
Consult table 11

Dyin = 1.14 (i.e., 1.14 is the smallest D for n; = 45,

Min
n, = 22 where a difference of & is detected while a = .025,

g = .01)

10
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Dmin = 6/Sp
1.14 = §/10
~ 6§ = 11.4 would yield significant results when

a = .025 and B = .01

N
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